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' Abstract. Let Q be a Riemannian G-manifold. This paper is concerned with the symmetry reduction of 

Brownian motion in Q and ramifications thereof in a Hamiltonian context. Specializing to the ease of polar 
, actions we discuss various versions of the stochastic Hamilton-Jacobi equation associated to the symmetry 

■ reduction of Brownian motion and observe some similarities to the Schrodinger equation of the quantum free 

' particle reduction as described by Feher and Pusztai [11]. As an application we use this reduction scheme to 

' derive examples of quantum Calogcro-Moscr systems from a stochastic setting. 
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. Introduction 

o 

Let {Q, fi) be a Riemannian manifold and G a Lie group acting properly and by isometrics on Q. It is well- 
known that one can describe geodesic motion in Q in terms of a G-invariant Hamiltonian system {T*Q, ft'^ ,1-1) 
where fl*^ is the canonical symplectic form on T*Q and H is the kinetic energy Hamiltonian. Because of 
the G-invariance this system may be reduced by means of the standard momentum map Jq ■ T*Q — ^ g* at 
_ a given coadjoint orbit level O C g* to yield the reduced Hamiltonian system ( Jq^(C')/G, ^Irod, ^rcd)- The 
d ■ reduced system may be a stratified system in the sense of [37, 34]. Solution curves in Jq^{0)/G can be 
projected to curves in Q/G where they describe the evolution of a mechanical system subject to a possibly 
spin-dependent potential. Hence the reduced system is -in this case- more complicated (and more interesting) 
than the original upstairs system. Similar remarks apply to the quantum version of this procedure: Quantum 
Hamiltonian reduction of the free particle system will induce a new (and generally non-free) quantum system 
on the reduced space Q/G. See [21, 9, 11, 15]. 

This paper is concerned with the stochastic version of this scheme. The idea is that the stochastic analogue 
of a free system is Brownian motion. To further the analogy we consider the Hamiltonian description (of 
[25]) of Brownian motion in Q and discuss its reduction with respect to the symmetry group G. While this 
construction is very close to the classical one in its approach we can also use the stochastic Hamilton-Jacobi 
equation to obtain the Schrodinger operator of the reduced quantum free particle system as described by [11]. 
There are several versions of the stochastic Hamilton-Jacobi equation. We comment first on the one of [12, 30] 
and then use the formulation of [27] . In order to obtain a reduced system that more accurately reproduces the 
reduced quantum Hamiltonian operator we also use a "time- forward" -analogue of the stochastic action of [27]. 

1 



- '—I 

X 



2 



SIMON HOCHGERNER 



Classical and quantum Calogero-Moser systems can be constructed as projections of the free system when 
the configuration space is a semi-simple Lie group or Lie algebra and the symmetry group is the group itself 
acting by conjugation or adjoint action. See [21, 9, 11, 15]. We make a certain choice in this regard leading 
to rational versions of these systems. Thus we can employ the above outlined procedure to obtain a stochastic 
version of Calogero-Moscr models and pass, via the Hamilton- Jacobi equation associated to the "time-forward" 
stochastic action, to a stochastic representation of the quantum Calogero-Moscr Schrodingcr equation as well 
as its stationary solution wave functions. 

Description of contents. Section 1 starts by providing some general background on diffusions on manifolds. 
Then we state a result of [19] which allows for for symmetry reductions of diffusions defined in terms of a 
Stratonovich operator which is equivariant in a certain sense with respect to a group action. 

In Section 2 we consider the general problem of Hamiltonian construction of Brownian motion in [Q, fi) as 
well as some reduction issues. This is mostly independent from Section 3 but interesting in its own right. The 
construction of Brownian motion in (Q, fi) via the orthogonal fame bundle P is well understood, see [20]: The 
idea is that one rolls the manifold Q along Brownian paths in R" (n = dimQ) without slipping or twisting 
(rubber rolling). The rolling is defined in terms of local isometrics between Q and M" thus involving the 
orthogonal frame bundle. This gives rise to a Stratonovich equation on P and its solution diffusion process 
projects to a diffusion F'^ in Q which can be shown to coincide with Brownian motion. Now the Hamiltonian 
version of [25] of this construction amounts to lifting the Stratonovich equation on P to a Stratonovich equation 
on T*P which is defined in terms of Hamiltonian vector fields on T*P associated to appropriate momentum 
functions. Thus we obtain a diffusion ^ which projects to F^ = o F^ ^ via the foot point projection 
■ X* P ^ P and thus ultimately to Brownian motion F'^ in Q. 

Now, in line with general experience in Hamiltonian mechanics, one would expect that there should also be a 
way to induce a diffusion F^*^ in T*Q = T*P//oK from F^*^ such that F^ = t'^oT'^'Q where : T*Q Q. 
Here T*P//qK = J^^{0)/K denotes the symplectic reduction of T*P at the 0-level set with respect to the 
standard momentum map Jk of the principal if-action on P cotangent lifted to T*Q. This is certainly possible 
if the manifold Q is parallelizable. However, in general F-^ ^ does not preserve level sets of Jk- To overcome 
this deficency we redo the Hamiltonian construction of F"'" ^ from a non-holonomic point of view. Thus we 
obtain a different diffusion F'' which remains on J^^(O), projects to a diffusion F^*<5 on T*Q = Jj^^{0)/K, 
and retains the basic feature F-^ ~ oT'^ whence also F*^ o Q . It is maybe not surprising that this 

works since the very idea of constructing Brownian motion via rubber rolling is non-holonomic in its nature. 

We also make some comments on how these Hamiltonian and non-holonomic (or almost Hamiltonian) 
constructions behave in the presence of a symmetry group G acting properly and by isometrics on Q. 

Section 3 is the main part of the paper. We assume that the G-action on (Q, m) is actually hyper-polar which 
means that there exists an embedded submanifold M C Q which meets all G-orbits and does so orthoganally 
and that M is locally isometrically diffeomorphic to Euclidean space M} . Moreover, it is assumed that the 
G-action is of single orbit type. This ensures Q to be paralellizable. Then we consider two different types of 
Hamiltonian constructions of Brownian motion in Q. Since the configuration space is parallelizable one can give 
a Hamiltonian construction of Brownian motion in Q by choosing a global orthonormal basis and corresponding 
momentum fuctions on T*Q. The two choices which we consider are firstly that of a constant frame (assuming it 
exists) and secondly that of a G-invariant frame adapted to the decomposition into horizontal and vertical space 
(such a frame can be constructed under the standing assumptions). Thus we get two different Hamiltonian 
diffusions in T*Q both of which project to Brownian motion in Q. 

Then we consider the symmetry reductions of these diffusions to Q/G, {T*Q)/G and, where possible, to 
Jq^{0)/G C {T*Q)/G where Jq ■ T*Q — q* is the standard momentum map of the cotangent hfted G-action 
on T*Q and O C g* is a coadjoint orbit. 

At the Q/G-level we may consider the stochastic Hamilton- Jacobi equation of Guerra-Morato [12] and 
Nelson [30]. If the orbit O is such that Jq^{0)/G is diffeomorphic to a cotangent bundle (this happens e.g. 
with = 0), then wc can also invoke the stochastic Hamilton- Jacobi equation of Lazaro-Cami and Ortega [27] 
associated to the projected stochastic action S with respect to a choice of a (regular) Lagrange Lf submanifold 
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in J^^{0)/G. With 



where (5 is a function on B depending on the inertia tensor I associated to the metric /i we thus find the 
following diffusion equation: 



This equation is analoguous to the Schrodinger equation of quantum free partice reduction (with respect to 
polar actions) described by Feher and Pusztai [11, Thm. 4.5]. 

We treat the case = separately in Section 3.E and show that stationary solutions to (3.33) are linked to 
Lagrange submanifolds Lf associated to eigenfunctions / of the radial part of the Laplace-Beltrami operator 
on [Q^fi). To obtain a diffusion equation which more accurately reproduces the Schrodinger operator of 
the reduced quantum free particle system we also introduce a "time-forward" formulation of the projected 
stochastic action used by [27] to obtain their version of the stochastic Hamilton- Jacobi equation. 

Finally in Section 4 we apply the results of Section 3 to obtain stationary solutions to (rational) quantum 
Calogero-Moser models associated to semi-simple Lie algebras. This reproduces (and makes use of) some of 
the formulas obtained by Olshanetsky and Perelomov [32, 33]. 

Acknowledgment. I am grateful to the referees for their very helpful remarks. 



This section begins with a review of some necessary definitions and results that are all contained in the 
books [20, 8]. Then we state Theorem 1.3 which provides one of the approaches to be used in subsequent 
symmetry reduction schemes. 

l.A. Diffusions on manifolds. A diffusion is a continuous stochastic process which has the strong Markov 
property. This is a concept which can be formulated in any (decent) topological space. 

Let X be a locally compact topological space with one-point compactification X = X (J {oo} and furnish 
X with its Borel cr-algebra B{X). Define W{X) to be the set of all maps w : [0,oo) — >■ X such that there is a 
C(w) G [0,oo] satisfying 

(1) w{t) E X for all t G [0, ({"w)) and w : [0, C('^)) ^ -'^ is continuous; 

(2) w{t) = oo for all t > C{w). 

Now W{X) is equipped with the cr-algebra B{W{X)) generated by all Borel cylinder sets in W{X). This 
CT-algebra has a natural filtration given by the family of {Bt{W{X)))t>o which are the a-algebras generated by 
Borel cylinder sets up to time t. 

A family of probabilities {Px)^^x '^^ (^{-^)iB{W{X))) is said to be a system of diffusion measures on 
iW{X), B{W{X)),BtiW{X))) if it has the strong Markov property, for the definition of which we refer to [20, 
Section IV. 5]. 

Let (il, J^, P) be a probability space and F : O x IR+ X a, map. Define T : ui i-^ (t i-^ Ft(u;)). Then F is 
said to be a (continuous) stochastic process in AT if F : {il, F) — ?► {W{X),B{W{X))) is a random variable.^ The 
law of F is by definition the push-forward probability on {W{X),B{W{X))), i.e., t^P{S) = PlT-^{S)) 
for all S e B{W{X)). 

The process F is a diffusion in X if there is a system of diffusion measures {Px)j;(zx such that F^P = as 
probability laws on {W{X),B{W{X))); here 



and fj. = (Fo)*P : B{X) — > [0, 1] is the initial distribution of F. In practice Px will be obtained by push-forward 
of P with respect to the stochastic process F^ which is conditioned such that Fq = x a.s. 



We consider only continuous processes. 



(3.33) 




1. Some stochastic geometry 
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Diffusions via Stratonovich equations. Let now X ~ Q he a manifold. If N is another manifold then a 
Stratonovich operator S from TN to TQ is a section of T*N TQ N x Q. Equivalently we can view 5 as a 
smooth map S : Q x TN — > TQ which is linear in the fibers and sits over the identity on Q. Let X^, Xi, . . . , Xk 
be vector fields on Q and define the associated Stratonovich operator S from TR'^'*'^ to TQ by 

A: 

S -.Qx TM'^+i — > TQ, {x,w,w') i — > '^X,{x){e,,w') 

1=0 

where denotes the standard basis in R'^+-'^. We remark that the number k is not related to the dimension 
of Q. Assume {J-'t) is an increasing filtration of T which is right-continuous. It is then a reference family in 
the sense of [20, p. 20]. Consider the process Y : fl x R_|_ — > R'^+^j (t, w) {t,Wt{u})), where W denotes a 
continuous version of (J^t)-adapted Brownian motion in R*"'. We will be concerned with Stratonovich equations 
of the form 

(1.1) ST = S{Y,r)SY. 

A continuous (J't)-adapted process F : x R+ Q is called a solution to (1.1) if there is a continuous version 
W = (W^) of (J't)-adapted Brownian motion in R'^ such that, in the Stratonovich sense, 

(1-2) f{Tt) - /(Fo) = [\xof)iTs)ds + J2 l\xd){^s)SWl 

Jo Jo 

for all smooth functions / of compact support on Q. 

Suppose F is a solution to (1.1) such that Fp = a; a.s. and F satisfies (1.2) with respect to a version W. 
Then we will write F = F^'^ to remember these data. The following is an account of Theorems V.1.1 and 
V.1.2 in [20] 

Theorem 1.1. Let the assumptions be as above and consider Equation (1.1). 

(1) For each initial condition, Tq = x a.s., and continuous {J^t)-adapted Brownian motion W , a solution F^'^ 
exists and is unique up to explosion time. 

(2) Let Px '.— VZ'^ P . Then Px is independent of W and {Px) is a system of diffusion measures generated by 
the second order differential operator 

k 

(1.3) A = Xo + i^X,X,. 

i=l 

which acts on the space of smooth functions with compact support C°°{Q)q. 

In general, if F is a diffusion in Q such that the associated system of diffusion measures is unique and is 
generated by a second order differential operator A, then A is also called the generator of F and F is said to 
be an A-diffusion. This does not require Q to be a manifold; if Q is a topological space then a generator is a 
linear operator A on the Banach space of continuous functions C{Q) with domain of definition T){A). Sec [20, 
Section IV. 5]. 

Assume that Q is endowed with a linear connection V : TQ x TQ TQ. For vector fields X,Y ^ ^{Q) the 
Hessian of / e C°°(Q) is Hess'^(/)(X, F) = XY(f)-^ xY{f). This is bilinear in X and F but not symmetric, 
unless V is torsion-free. 

Definition 1.2 (Drift, Martingale, Brownian motion). 

• Let F be a diffusion in Q with generator A. Then the drift of F with respect to V is defined to be the 
first order part of A, which is determined by V. If A is of the form (1.3) then this is Xq 5 X) ^ Xi^i- 

• According to [8, Chapter IV] the A-diffusion F is a martingale in (Q, V) if A is purely second order 
with respect to V, i.e., the V-drift vanishes. In [8] this is stated for torsion-free connections but it is 
noted that one can use the same definition for connections with torsion. 

• If {QtH) is a Riemannian manifold then an A-diffusion is called Brownian motion li A= where A 
is the metric Laplacian. 
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As it stands, Brownian motion is not unique. There may be several diffusions in Q such that the associated 
system of diffusion measures is generated by A = ^A. However, since we have defined diffusions in terms of 
systems of diffusion measures we regard two diffusions which give rise to the same system of diffusion measures 
as equivalent. Now the system of diffusion measures generated hy A = is unique and it is in this sense that 
we think of Brownian motion as being unique. 

To construct Brownian motion in (Q, ji) consider the orthonormal frame bundle p : T ^ Q over (Q, [i). The 
Lcvi-Civita connection on Q gives rise to a unique principal bundle connection oj on p : J- ^ Q. An clement 
u E T can be regarded as an isometry u : 'R'^ Tp(^u)Q where d = dimQ. Let (e^) be the standard basis in 
W^. Define the canonical horizontal vector fields Li E X(J^, Hor"). i ~ 1, . . . , d, hy 

(1.4) L,iu)=hl'::iuie,)) 

where hl'^ : X{Q) 3G(J^) is the horizontal lift map of lj. If {W'^) is Brownian motion in and T solves the 
Stratonovich equation 

(1.5) ST = J2L^{T)SW' 

then p o r is a diffusion in Q with generator ^A^, that is, a Brownian motion. This is explained in [20, 
Chapter V.4] and follows also from Theorem f .3 below; the essential observation in this context is that the 
Stratonovich operator S of (1.5) enjoys the equivariance relation 

S{ug,g~^w,g~'^w') ^ {\\f{u){u{gei)){ei,g~^ei))g = S{u,w,w')g 

for the principal right action of the structure group. To connect with Theorem 1.3 the principal right action 
can be turned to a left action via inversion in the group. 

l.B. Equivariant reduction. Let (ri, J^, (J'f),P), Q, Xo,Xi, ...,XkE X{Q) and ST = S{Y,T)SY as before. 
Suppose there is a Lie group G which acts properly on Q from the left. We extend this action to Q by requiring 
oo to be a fixed point. Let tt : Q ^ Q/G he the projection and G°°{Q)^ denote the subspace of G-invariant 
smooth functions on Q. Note that Q/G need not be a manifold; in general Q/G is a topological space which 
is naturally stratified by smooth components. 

In the following all actions are tangent lifted where appropriate without further notice. 

The proof of the following theorem is sketched in the appendix. 

Theorem 1.3 (Eqivariant reduction [19]). Suppose there is a group representation p : G ^ 0{k) and let 0(fc) 
act on M'"'+-^ = M X M''' such that the first factor is acted upon trivially. If S satisfies the equivariance property 

(1-6) S{gx,p{g)y,p{g)y') = g.S{x,y,y') 

for all {x,y,y') E Q x TM'^+^ then the diffusion T induces a diffusion n oT in Q/G. Moreover, A preserves 
G°°{Q)'-^, and the induced generator Aq of ttoT is characterized hy 

(1.7) ^*Aof = An*f 

for f E G^{Q/G) := {/ E C{Q/G) : ^* f E G^{Qf]. 

Equivariant reduction is a natural extension of the reduction theory of [26, Theorem 3.1]. While the results 
of [26] are stronger in the sense that they provide a Stratonovich equation on the base space Q/G, they are 
only applicable when the original Stratonovich operator is G-invariant. This means that 

(1-8) S{gx,y,y') = g.S{x,y,y') 

for all g G G and x E Q and [26] show how to obtain an induced Stratonovich operator on the base space 
Q/G. This covers the case where the Stratonovich operator is defined in terms of G-invariant vector fields. 
To connect with the above theorem, note that a G-invariant operator iS can be considered G-equivariant with 
respect to the trivial action on the source space R*^"*"^, i.e., where p{g)y = y for all <? € G and y E R'^"'"^. 
By contrast the observation in equivariant reduction is that although the upstairs Stratonovich operator S is 
not projectable to Q/G, the diffusion still factors to a diffusion in the base space and the generator of the 
downstairs diffusion is induced from that of the original diffusion on Q. 
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2. The (almost) Hamiltonian construction of Brownian motion and symmetry reduction 

2. A. General version. Let {Q, /i) be a Ricmannian manifold, G a Lie group acting properly and through 
isometries on Q. We do not require the action to be free. Assume H : T*Q — R is a G-invariant Hamiltonian 
function (e.g., the kinetic energy associated to y). We want to describe a perturbation by a Brownian motion 
of the Hamiltonian system {T*Q,^l^ ^'H) with dynamics X-u] here X-^ is the Hamiltonian vector field with 
respect to the canonical exact symplectic form Q,^ on T*Q. If Q = K" was a vector space and fj, the Euclidean 
metric then this should give rise to an Ito equation of the form 

(2.9) dT = XHiT)dt + dW 

with W Brownian motion in Q. This is Bismut's notion of a Hamiltonian diffusion described in [4]. Lazaro-Cami 
and Ortega [25] have generalized this set-up to non-Euclidean spaces and incorporated general scmi-martingales 
as source of the noise. 

To generalize (2.9) to the non-Euclidean setting one notices that it defines a diffusion with generator X-u + 
iA'^ where A'^ = "Y^didi is the Laplace-Beltrami operator on {Q,ij,) viewed as acting on C°°{T*Q), thus 

identifying di — with (9^,0) = X]^f~^ which is the Hamiltonian vector field of : T*Q M, 
{q,p) {p, Ei) with = Ci the standard basis. Below we will give a general construction of such a diffusion. 
In doing so we follow essentially the ideas of [25]. 

Thus we consider the orthonormal frame bundle p : P — > Q and denote its structure group hy K = 0{n), 
n ~ dini((5). The Levi-Civita connection V on {Q,fJ.) induces a unique principal bundle connection form 
UJ : TP — > t. Wc use oj to decompose TQ — Hor"^ © Vcr'' into horizontal space Hor" — kerw and vertical space 
Ver'' = kerTp. The soldering form a g f7i(P,M") is defined by cr(C„) = u-i(r„p.^) for ^„ G r„P, and this 
induces a trivialization of the horizontal bundle. Therefore, we obtain a trivialization of TP by 

(2.10) $ : TP ^ P X M" X ^ <j{^u),lo{Cu)) 

We may use this isomorphism to obtain a metric p^ on P by using the standard inner products on R" and t 
and requiring $ to be an isometry. If ei, . . . , e„ is the standard basis in R" then we may use $ to define vector 
fields L, e X(P,Hor") by 

where hi" : P x g TQ — > Hor'^ is the horizontal lift mapping. The Li are called the canonical horizontal vector 
fields. Notice that they form a global orthonormal frame for Hor". 

We remark that fi^ is X-invariant and the iC-invariant subspaces Hor" and Ver'' are perpendicular with 
respect to fi^. By construction to coincides with the mechanical connection (defined in (3.16)) on (P, p^). 

Furthermore, since G acts by isometries on Q it induces an action on P which also preserves fi^: an element 
M e P is viewed as an isometry u : R" — > Tp^^-^Q and g E G acts from the left via g.u = Tpi^y^-^gou : R" — > Tgpi^^^Q. 

Now the principal action of if on P is a right action and to convert it to a left action we use inversion in 
the group. The actions of K and G commute whence the product K x G also acts on P. The cotangent lifted 
action by A' x G is Hamiltonian. Singular Reduction in Stages thus implies that 

T*P//o^o{K X G) = {T*P//oK)//oG = T*Q//oG 

as stratified symplectic spaces; here //o denotes symplectic reduction at the coadjoint orbit O d q* with 
respect to the obvious momentum map. See [28]. Let := p*H be the K x G-invariant upstairs Hamiltonian 
where p : T*P — >• T*Q is defined in terms of the metric isomorphisms T*P =^p TP and T*Q =^q TQ. Then 
(regular) Hamiltonian reduction of {T* P,n^ ,7i) at G t* with respect to K yields the original Hamiltonian 
system {T*Q,^^ ,%). Consequently (singular) Hamiltonian reduction at x O C ?* x g* of {T* P,^l^ ^H^) is 
equivalent to (singular) Hamiltonian reduction of {T*Q,il'^ ,H) at O C g*. 
Let us define the momentum functions 

W:T*P^m, {Vu,L,iu)) 

and the associated Hamiltonian vector fields X^i- Note that TTp.Xfji{rju) = Li{u) where Tp : T*P — > P is the 
tangent projection. Therefore, if ^ satisfies ST^ ^ = J2 -^h^ (r^ ^)SW'' the projection Tp o ^ satisfies 
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(1.5), and Tp o ^ is Brownian motion in {Q^ji). This is the Hamihonian construction of Brownian motion 
of [25]. 

Consider the Stratonovich operator 

Let K act on M x M" by acting on the second factor only and G act triviahy on i? x M". Thus K x G acts on 
M X M". 

Let Jk ■ T*P — > £* denote the standard momentum map of the cotangent hftcd /-iT-action on T*P. Then 

JK^iO) = {A e T*P : (A, X) ^0 for ah X e Ver''} = Hor* 

where Hor* is cahed the dual horizontal bundle. Contrary to Hor" the dual horizontal Hor* is defined connection 
independently. Further, let Jg ■ T*P — > g* denote the momentum map of the lifted G-action on T*P, and 
correspondingly Jkxg ~ (Jk, Jg) ■ T*P ^ t* x g* for the product action of K x G. 

Lemma 2.1. The following hold. 

(1) The operator S'^ ^ is K x G-equivariant. 

(2) If O d Q* is a codjoint orbit, then S'^ ^ restricts to a Stratonovich operator on Jq^[0) in the sense that 

S^'^ : Ja^{0) X r(Mx M") — > r(^Jpi(C')) . 

// the G-action is non-free then the last statement holds for each smooth stratum in J^^{0). 

Proof. (1) Clearly Xpt-u is K x G-invariant. Furthermore, we have, for g €z G, 

H'{9-Vu) = {g.r]u,Li{g.u)) = {g.r]u, g.Li{u)) = {^u.,L^{u)) = H\riu) 
whence and thus also are G-invariant. This establishes G-equivariance of ^ . 
To see if-equivariance we start by defining 

H^- : T*P R, 77„ ^ ^ff'(?/„)(e„u;') ^ Y.^t^^^^< 

for w' eW. We note that 

Hk.^u'ik.rj,,) ^ ^(fc.7;„,hl^„(u((e„fc.«;')fc-^e,))) = ^(fc.?7u, fc.hi;; (u(u/)) ) = H,,,{t]u) 

Therefore, if we fix a vector F^^^ G T,f^{T*P) and choose a (local) A'-invariant vector field Y G X{T*P) such 
that Y{ri-u) = Y^i^, we find 

d(^i/^(e„fc.«;'))(fc-^«)-r„„A:.y^„ = flo ((Fir)*i?fe..„') (fc.7,„) = §-^\oHk..^,{F\Y (k.Tj^)) 

= iloiffc.»'(fc.Fir(?7„)) = ftloHy.' iFlUvu)) 
= d(^ff'(e„u/))(ry„).i;,„ 

Putting this together yields 

J2XH.{k.Vu){e^,k.w') = (f}^)^i^_(d(^ff^(e„fc.«;'))(fc-^n)) 

= T^M^^'Kl {d{ ^•^')) ° '^vj) 

= T,„fc.(17^)-i (d( ^ H^e,,w')) (,7„)) 

whence iiT-equi variance of ^ also follows. 

(2). Since the i/* are G-invariant Noether's Theorem implies that the Hamiltonian vector fields used in the 
definition of ^ are tangent to Jq^{0). This is also true in the stratified context and moreover strata are 
preserved by Hamiltonian vector fields of invariant functions. See [37, 34]. □ 
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Now to reduce the Hamiltonian diffusion to T*Q//oG we should check that S"^ ^ restricts also to a 
Stratonovich operator on J^^(O) = Hor* C T*P. For then, by equivariant reduction, we would obtain a 
diffusion in (J^^(O) n Jq\0))/{K x G) = J^xg(0 ^ 0)l{K x G) = T*Q//oG. Thus for e Hor* we should 
show that ^ {rjujWjW') G ?ij^(J^^(0)) = kerdJ/^ (77„); that is, for Y £ i and with Cy'"^ ^ denoting the 
fundamental vector field associated to the cotangent lifted if-action on T*P, 

dJK-'^XH'-{Vu){ei,w') = -'^dH'{riu)-CY''^ ^ {ilu){ei,w') = -^|oi^tu'(exp(ty).7y„)(ej, w') 

= -§-^\oH^,iJ^u){e^,cM~tY).w') ^ H^.ir^u){e^,Y.w') = (?7„, hlj;;^)). 

However, this expression is certainly not for general ry„, Y and w' . 

Therefore, while por o ^ yields Brownian motion in {Q,p,) (see above), we do not obtain an induced 
diffusion in T*Q = Hor*/_ftr. This problem can be resolved reflecting on the nature of the construction of 
Brownian motion in the Riemannian manifold Q: A Brownian path in Q is constructing by rolling Q along a 
Brownian path in R" without slipping or twisting, i.e., rubber rolling on a rough surface. Thus we are dealing 
with a non-holonomic control problem. The configuration space of this problem is 

Q -.^ {{x,w,u) : X e Q,w e R", u : T^Q R" is an isometry} '^PxW 

and the constraint distribution which specifies the set of allowed motions is 

V -.^ {(X„, w, w') e T{P X R") : w' = cr(X„) & X„ e Hor^} ^ Hor"^ x R" 

where a G ^^{P) is the soldering form as above. The abelian group R" acts on the pair {Q,D) by so-called 
outer symmetries which reflects the fact that the constraints are the same at all points of the "surface" R" along 
which the rolling takes place. Thus we can reduce by the abelian R" action and obtain a new configuration 
space - distribution pair (P, 15 := Hor"^). Suppose ^i{t) : — )■ R are a set of time-dependent controls. (This 
corresponds to the Brownian noise.) Then the non-holonomic control problem 

(2.11) ^i'(^) = ^L,(^^))e.(^) 

has an almost Hamiltonian formulation which is given by the ODE on M := fi{V) = /i(Hor") = Hor* = J^^^O) 

7'(i)=E^(^W)^«'(TW)e^W 

(see [7, 5]) where P : T{T*P)\A4 — > C C TA4 is the Hamiltonian encoding of the constraint force projection 
operator (2.12).^ With t : T*P P being the footpoint projection the space C is defined as 

C:^{ZeTM: Tt.Z e V,(z) ^T^n T,^z)P}- 

Now it can be shown that T{T*P)\M ^C®C^^ where is the ^-orthogonal of C in T{T*P)\M with respect 
to the canonical symplectic form Q, on T*P. Then 

(2.12) V:T{T*P)\M — >C(ZTM 

is defined as the projection along C^. See [3]. Let H : TP — > Hor" be the projection along the vertical space. 
It follows that Tt oV = I\-o t. (Sec [19, Section 2]). Since H.i^ = Li and Xfji is r- related to Li one sees that 

(2.13) u' - Tr.i - Tt.V. ^ Xh^ = ^ L,{u)^, 

whence at this projected level one cannot distinguish the Hamiltonian from the non-holonomic version of the 
control problem (2.11). However, accepting the non-holonomic nature of the construction of Brownian motion 
one can give an almost Hamiltonian description in terms of the diffusion T'^ in J\4 defined by the Stratonovich 
equation 

Sr^ =S''{rt,Wt,SWt), Tq = r/„ e a.s. 
where the C-valued Stratonovich operator is given by 

(2.14) S'^ -.MxTW ^CcTM, (?7„, w') ^ ^ ^(r/u)^^. (ryu)(e„ w')- 



The notation M and C is introduced in order to be consistent with the non-holonomic literature such as [3]. 
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Of course, by (2.13), wc retain the basic feature that p o t o F'' is Brownian motion in Q. But now we also 
obtain an induced diffusion in T*Q. Let ■n'^'^ : T*Q ^ {T*Q)/G and tt-^ : M ^ M/K ^ T*Q be the orbit 
projections. 

Proposition 2.2. The diffusion T'^ induces a diffusion r^*^ = oT'^ m M/K = J^\0)/K = T*Q as 
well as a diffusion F'''''^ = tt^ o T'^ '5 in Ai/(K x G) = {T*Q)/G. Moreover, t o is Brownian motion 

in (Q, fi). 

Proof. Since S'^ = V.S'^ ^ and the projection V is A'-cquivariant we preserve the iiT-cquivariance of 5"^ ^ . It is 
also easy to see that V is G-equivariant whence G-invariance of ^ is preserved as well. Hence Theorem 1.3 
applies to the ii'-action as well as to the K x G-action on A^. □ 

However, it is not clear that the induced diffusion F'''^'^ will preserve the symplectic leaves T*Q//oG C 
{T*Q)/G.^ The problem is that, in non-holonomic mechanics, symmetries need not lead to conservation laws, 
and correspondingly it cannot be asserted that S^{r]u,w,w') g T,j^{J^l,(^{0 x O)) for rju G Jkxg(0 x O). 
Instead of a conservation law one obtains a momentum equation, see [6]. 

2. B. The flat case. If the manifold (Q,/^) is flat so that it admits a global orthonormal frame La G 

a = 1, . . . ,n then one can give a Hamiltonian construction of Brownian motion in Q which is formulated on 
T*Q ([25]): Define Hamiltonian momentum functions on T*Q by 

H"{q,p) = V^^L,(<7)) and H-{q,p) = (p, £«(?)). 

Consider the Stratonovich equation ST^ = {T^ ^ , 5W) where W is Brownian motion in M" and the 
Stratonovich operator is defined as 

(2.15) : T*0 X T(]R X E") -^T{T*Q), {q,p;t,t' ,w,w') ^ XHo{q,p)t' + J2 ^H^i^^P)iea,w') . 

Then F'3 ■= t o F^ is a diffusion in Q with generator ^ J^i^aLa — La) = ^^^i i-c, Brownian motion. 
If a Lie group G acts properly and by isometries on {Q, p) and the frame (La) is G-invariant then F^ ^ drops 
to a diffusion in the (singular) Poisson quotient {T*Q)/G which preserves the symplectic leaves T*Q//oG = 
Jg\0)/G. 

3. Reduction of Brownian motion with respect to polar actions 

We give two different Hamiltonian constructions of Brownian motion on a Riemannian G-manifold {Q,n), 
and discuss their respective symmetry reductions. Throughout T*Q will be endowed with the canonical exact 
symplectic form denoted by fi'^ or H. if no confusion is possible. 

3. A. Generalities on transformation groups. Consider a proper Riemannian G-manifold {Q,p). This 
means that G is a Lie group acting properly and by isometries on the Riemannian manifold Q. We will assume 
that the G-action is of single orbit type which means that there is a subgroup H <Z G such that, for any q G Q, 
the stabilizer subgroup Gq is conjugate to H within G. This has the consequence that B := Q/G is a smooth 
manifold and the projection map tt : Q ^ _B is a fiber bundle, albeit not a principle one. Its typical fiber is of 
the form G/H. Sec [35]. 

The vertical bundle Ver C TQ on n : Q -» B is defined as 

Ver kerTTr. 

Definition 3.1. The (generalized) mechanical connection on n : Q ^ B is the fiber bundle connection which 
is specified by requiring the horizontal bundle Hor to be orthogonal to the vertical one with respect to the 
G-invariant Riemannian metric p.^ 

■^It is slightly imprecise to speak of symplectic leaves in this context: The T*Q//oG need not be connected, they need not even 
be smooth manifolds. It is rather the connected components of the smooth strata of T*QII qG which should be called symplectic 
leaves. 

^We have included the prefix 'generalized' because usually the mechanical connection is defined on a principal bundle. In order 
not to overload the nomenclature we will subsequently omit this prefix. 
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See (3.17) below for an alternative characterization of the mechanical connection. 

From now on we equip tt : Q ^ B with the mechanical connection. Let A : TQ — > g be the associated 
connection form. This is not a principal bundle connection form. For q (z Q with isotropy group Gq we have 

AqCxiq)^Xfor aUXeg^. 

Here Qq C Q is the infinitesimal stabilizer at q, ( : g ^ X{Q) is the fundamental vector field mapping, g is 
equipped with an Ad-invariant inner product (., .) and is the (., .)-orthogonal to gq. At a point q G Q we 
have Cxiq) = exp(tX).g e TqQ. We may view A also as a G-equivariant bundle map 

(3.16) A:TQ^ UqeQQ^ 

which restricts to an isomorphism on the vertical bundle. Sec [29] for a definition in the context of a free action 
and [15] for the generalization to single orbit type actions. Let = Vi + Cxi G TQ = Hor® Ver be decomposed 
into horizontal and vertical parts. Then 

^(6,6) =/i(«l,t'2)+Ig(^l,^2) 

where the G-invariant operator I : Ugegfli?" ^ UgeQfl?" — > M is defined by 

i,(Xi,X2) ■.= ^iq{CxAq),CxM) = (a;a,Xi,X2), 

and is called the inertia tensor. For each q £ Q we obtain a G^-equivariant isomorphism : — > Ann gq 
where Ann^q is the annihilator of gq in g*. 

Definition 3.2 (The canonical momentum map on T*Q). The map J : T*Q g* defined by 

(J(g,p),X) = (p,Cx(g)) 

is the cotangent bundle momentum map. 

The mechanical connection A can now be characterized by the poiiitwise diagram 

(3.17) TqQ^^gj^ 

t^i I, 

r^Q^^Anng, 

where Jq is the restriction of J to T*Q, whence its importance for mechanical systems. 

Let us now assume additionally that G is compact and acts by polar transformations on Q. This means 
that there is a submanifold M C Q which meets all group orbits in an orthogonal manner. The subman- 
ifold M is called a (global cross-) section of the action. See [35]. A canonical example is the conjugation 
action of a compact Lie group on itself. In this case a section is given by a maximal torus. As with 
this example, it is not required that the action be free. Note that there is a residual action by W := 
{g eG : g.M C M}/{g £ G : g.x ^ x\/x e M] on M and that 

Q/G ^ M/W =: B. 

In the aforementioned example W coincides with the Weyl group of the compact Lie group and B is the interior 
of a Weyl chamber. 

We cocnctinuc to assume that the G-action is of single orbit type. In the canonical example where the group 
acts upon itself by conjugation this amounts to passing to the open dense subset of regular points. 

There is thus a local diffeomorphism Q = M x G/H. This diffeomorphism is generally not global: Consider 
SO (3) acting on Q = \ then M = M \ and G/H = S"^. Factoring out the residual W^-action one does 
obtain a global diffeomorphism 

M XwG/H. 

By reason of dimension it follows that W is discrete and hence finite since G is compact. Since Q/G = M/W = 
B it is also true that M = U^jg^V'^- Thus there is also a (non-canonical) diffeomorphism 

(3.18) Q = BxG/H. 
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Moreover, we will assume that the action is actually hyper-polar: M is supposed to be locally isometrically 
diffeomorphic to a Euclidean space such that = R'. 

3.B. Deterministic Hamiltonian reduction. Let % : T*Q — > M be the G-invariant kinetic energy Hamil- 
tonian associated to ji. By [15] Hamiltonian reduction of {T*Q,Vfi ,%) at the orbit level O yields the reduced 
stratified Hamiltonian system [T* Q // qG ^VP ,'H'^)\ using the mechanical connection A the phase space of this 
system can be realized as 

(3.19) T*Q//oG ^T*BXB {{J.^qO n Ann0,)/G, [(q,p)] ^ (^(g), rf^ip); [(g, ^^(A))]) 

where rjq : T^B — > TqQ is the horizontal lift mapping associated to A. The reduced Hamiltonian then becomes 

(3.20) H"" : {x = 7T{q),u; [(q, A)]) ^ ^{u,u) + i(A,I-i(A)). 

The reduced space T* B x b {{Jq^qO Ann Qg) / G is a stratified symplectic fiber bundle over T*B with standard 
fiber (O n Anni))/H — O/foH which is a stratified symplectic space. This is the (singular) bundle picture in 
mechanics. The potential term i(A,I~^(A)) can also be viewed as a W^-invariant function on M x O//0H. 

3.C. Brownian motion in a constant frame and reduction. The situation we have in mind in this 
subsection is that of a mechanical system defined on a Lie group G such that the (kinetic energy) Hamiltonian 
is invariant under the conjugation action and the tangent space is trivialized as TG = G x g via (left or right) 
multiplication. Prototypical examples for this set-up are the Calogero-Moser systems discussed in Section 4. 
This set-up is quite general in the sense that the hierarchy of Calogero-Moser systems is very rich; any (real or 
complex) semi-simple or also reductive Lie group can be taken as a configuration space, and different choices 
will lead to different (versions of Calogero-Moser) dynamical systems. The classical Calogero-Moser system 
corresponds to the choice G = SU(n) of [21]. Generalizations where G is a loop group could also be feasible 
and will give rise to a Calogero-Moser system with an elliptic interaction potential, see e.g. [24]. 

Suppose Q carries a global orthonormal frame La, A — 1, . . . ,n such that V^^La = and TQ = Q x q 
via this frame with q = M". A Hamiltonian construction P-^ of Brownian motion P'^ = r o P^ ^an 
then be given in terms of the Stratonovich equation associated to operator ^ defined in (2.15). Since 
Hw'{q,p) = '^H^{q,p){eA,w') = {p,w') = Hgw'{gq,gp) for 3 e G it follows as in the proof of Lemma 2.1 
that is G-equivariant. Therefore, by Theorem 1.3 the diffusion P-^ ^ factors through the projection 

■k'^'Q : T*Q {T*Q)/G to tt'^'Q o r^*Q in the quotient. Consider the diagram 

(3.21) T*Q^^{T*Q)/G 

r/G 

Q '- — »0/G 

We can alternatively write Brownian motion on (Q,/^) as the solution to the Stratonovich diffusion equation 
5T'^ = '^La^W^ . Again this operator is G-equivariant and, repeating the same reasoning, we obtain an 
induced diffusion 

P^ =7ropQ = (r/G) o7r^*«oP^'Q 

in B = Q/G. In order to obtain the generator of P^ we note that the generator of P'^ is ^A'' and 
introduce the following function: Let 6^ be a an orthonormal basis on g and define 5 : Q — >■ M>o by 

1 

(3.22) %) = |det(lg(e„,e0))„^p 

This function is G-invariant and we will call the induced function on B also S. The projection tt : Q ^ -B is a 
Riemannian submersion with respect to the induced metric ^0 on B. Let A'^, A^ denote the Laplace-Beltrami 
operator on {Q,fi), {B,fio) respectively. Note that A*^ acts on the set of G-invariant functions C°°{Q)'~^. 

Proposition 3.3. Let iA° be the induced operator on C°°{B) characterized by tt* o A° ~ Afi o tt*. Then 

(3.23) A° = A^+Vlog5 
where V is the ^q- gradient. 
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Proof. This follows either from the coordinate expression A'^ = J2 9^^ ^iVdd^^ suitably choosen local 
coordinates, or by appealing to [14]. □ 

We view as the reduction of the probabilistic version of a free particle motion on (Q, n). 
It is known that, if is critical in the sense of Guerra and Morato for the stochastic action functional 
associated to the Lagrangian L : TB — > R, 

L{q,v) = 5Mo(w,w) - V{q), 

then, with h = 1, the stochastic Hamilton-Jacobi equation of Nelson [30, p. 72, Equ. (14.17)] 

(3.24) V ~\^lo{h,h)-\Awh = 

holds. Note that by (3.23) and Definition 1.2, 6 = iV(log(5) is the drift of the diffusion (with respect to the 
Levi-Civita connection associated to /io-)- ^^e also Guerra and Morato [12], or Zambrini [39, Equ. (3.14)] for 
a version in terms of Yasue's least Action Principle. The drift 6 is a pure osmotic velocity in the nomenclature 
of [30]. 

Remark 3.4. We have arrived at (3.24) by asking the the following question: Is there a Lagrangian L = 
ill ■ IL'o ~ ^ on TB such that the induced diffusion is critical for L in the sense of Guerra- Morato? By [30, 
Thm. 14.1] this is equivalent to solving v = VS' where v is the current velocity and 



j-ti 

S{x,t)^-E[J L+{rf,s)ds\Tf=x] 



and L+(a;,s) = ^^o{b,b)x + ■^div{b)x — V{x,s). Given the diffusion (and its drift) this amounts to finding a 
suitable potential function V, and the simplest possible choice is expressed by (3.24). That is, L+ = and 
V = 0. Since the drift is the sum of osmotic and current velocity it remains to verify that b = ^ V(log S) satisfies 
the osmotic equation 

iAp = div(p6) 

and this certainly holds with p — 5 and b — iV(logi5). We emphasize that this corresponds to the simplest 
possible choice for a potential. There could be more interesting choices, arising (probably) from a spin- 
debendent potential. 

Thus we use (3.24) as the defining equation for V and find 

(3.25) y = i(A^log,5+i//o(Vlog5,Vlog(5) = i^^A^^^ 
With 

and b = iV(log5) equation (3.24) is equivalent to the stationary Schrodinger equation Hip = with the 
Hamiltonian operator 

(3.26) iJ = -iA^ + V"; 
indeed 

5-^H5^ = ( - iA(5^ + ^^3^ = - idiv(i5-^V5) + V6^^ 

= i(5-Vo(V5,V(5)-5-iA(5 + y i/io(&,6)- i(5-Vo(V(5,V5)- idiv(Vlog5) + y 
= -\pio{b,b)~\d\Y{b) + V. 

To compare these formulas with the case of quantum reduction of a free particle under polar actions we 
quote a special case of a theorem of [11, Thm. 4.5]. 

Theorem 3.5 (Feher and Pusztai [11], spinfree version). The reduction of the (spinless) quantum system 
defined by the closure of —-^A^ on C^{Q) C L'^{Q,dij) leads to the reduced Hamiltonian operator 

(3.27) Hqu = H 
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with H as in (3.26).'^ This operator is essentially self-adjoint on a suitable domain (specified in 

We note that this theorem, as it is stated, is actually only the zeroth order version of [11. Thm. 4.5] since 
in its full version it also incorporates a spin dependent potential energy term. In the next section we give a 
different approach where such a term can also be included in the stochastic context. 

3.D. Brownian motion in a G-adapted frame and reduction. Assume the quotient B = M/W = Q/G = 
MJ is Euclidean and denote its x-independent orthonormal basis by 

(3.28) vi,...,vi. 
Let 

(3.29) Yi(a;),...,Ffe(a;) 

denote an Ii.-orthonormal frame on f)-'- C g which depends smoothly on x G M. (Since M = Umeiv-^ argued 
in Section 3. A we may non-canonically embed B in AI as an open subset and thus we use the same variable x 
for elements in B as well as in Af .) Concerning indices we make the convention that 

1 < A,B,C <n = dimQ, I < i,j,k < I = dimM, 1 < a, /3, 7 < fc dim(G/iJ). 

Then using (3.18) (La) a is an orthonormal frame on Q ^ B x G/H where we define 



LA{q) = LAig-x) 



g.Vi ii A = i; 

9-Cy^(x){x) \iA = a + l. 



Now Brownian motion in {Q,ij,) can be constructed via F'^ = r o as in (2.15). Thus we need to 

calculate take local coordinates (q'^) around a point q = g.x which are adapted to the decomposition 
TqQ = T^M (B T[g]G/H and express La = Y.La-^ whence 

DE\ 



1 a(v/|M|M^^) d 
1^1 dq" dq^ 

where 5 = was defined in (3.22). Therefore, H°{q,p) = Vlog^). 

The Hamiltonian diffusion ^ in T*Q is defined by the Stratonovicli equation 

(3.30) ST^'Q ^ XHo{T'^)St + Y,XHA{T'^)6W^ 

with notation as in (2.15). The associated Stratonovieh operator T*(5xr(RxK") — > T{T*Q), {q,p,t,t' ,w,w') 
XHo{q,p)t' + ^ X}jA{q,p){e^ ,w') is clearly G-invariant and reduces to an operator on the reduced phase 
space T*Q// qG. In particular, if tt-^ : T*Q -» {T*Q)/G is the orbit space projection we have: 

Proposition 3.6. F"^ ^ drops to a diffusion {T*Q)/G which, for every coadjoint orbit O G Q* , 

preserves the smooth connected symplectic strata in T*Q//qG C {T*Q)/G. 

Proof. On each smooth connected symplectic stratum L C T*Q//oG we can express tt"^ ^ o ^ as the 
solution to the Hamiltonian Stratonovieh equation 5{tt'^''^ o T'^'Q) = S^{n'^''^ o T'^''^ ,t, 6t,W, 6W). The 
reduced operator on L is given by 

: Lx T(M X M") — > TL, {T],t,t' ,w,w') 1 — > Xho{r])t' + '^XhA{r]){eA,w') 

where ft.", are the induced functions on L which pull-back to the restrictions of to (tt-^ '^)''^{L). 

See also [26]. □ 



^The Planck constant h could be introduced by rcscaling the diffusion operator on Q, i.e., the metric fi. This rescaling does 
not affect the potential V since factor cancels in this term. 
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Let US denote the restriction of tt-^ o to T*Q//oG by T'-' . According to the above this diffusion 

further restricts to each smooth symplectic stratum L C T*Q// qG. 

To obtain formulas for hP and we use the ^-dependent G-equivariant isomorphism 

$: W:=QxBr*BeU,eQAnn0, ^r*Q, ((g; x, u), (g, A)) ^ (q, (T;^)H + ^^(A)) . 

(This isomorphism depends on the choice of the connection and works only if the action is of single orbit type. 
However, it docs not depend on whether or not the action is polar.) Thus we find, denoting the function on B 
induced from (3.22) again by 5. 

^*H\{q; X, u), (q, A)) = ((T,^)*(u) + A;(A), ^ VI^La) \og5{x)), 

<S>*W{{q;x,u),{q,X)) = {u,v,), 

$*ff"((<Z;a;,«),(<7,A)) = (A;(A), 5.Cy„(.) (2:)) = (g-\\,Y^{x)) 

where we used the equivariance property of A, and a;, q and g are related by q = g.x. The basis elements Vi 
and Ya are introduced in (3.28) and (3.29). 

Because we want to apply the stochastic Hamilton- Jacobi equation of Lazaro-Cami and Ortega [27] we want 
the reduced space T*Q// qG to be a cotangent bundle. Therefore, we assume now that 

0//oi/ = {point} ={[A]ff} 

whence T*Q// qG = T*B x {[A]h} = T*B. This is a very restrictive condidtion and cases where this assump- 
tion holds are very important in the theory of Calogero-Moser systems. See [10] for a classification, further 
information and the so-called 'KKS-mechanism'. The reduced Hamiltonian functions thus become 

h°{x,u) = Vlog(5(a;)), 

h\x,u) = {u,Ui), 

h"ix,u) = (A,y„(x)). 

Let / G C°°{T*B). The stochastic Hamilton- Jacobi equation of [27] associated to the reduced Hamiltonian 
diffusion T'~' , given by 

(3.31) ST" =Xho{T^)St + J2Xh^{T")SW' + Y,Xh^iT")SW°, 

and the Lagrangian submanifold Lf — graph d/ d T*B is an equation of semi-martingalcs which reads 

(3.32) S't{uj)= fix)- j h°{x,dS'^{uj))ds- f h'{x,dS^{oj))SWl~ f h^ix^dS^ioj)) SW^, a.s. 

Jo Jo Jo 

Here 5^ is, for all x Cz B, a continuous M- valued semimartingale defined on some underlying probability space. 
The map B ^ R, x 1-^ Sf{oj) is where it is well-defined and accordingly dSf{uj) = d{x >->■ Sf{ui)). These 
statements are proved in [27] where S is called the projected stochastic action and is constructed in terms of 
the defining data of the Hamiltonian diffusion and the Lagrange submanifold Lf. In the following lines we 
parallel the arguments of [27, Example 1] adapted to (3.32).^ Thus we use the conversion rule [36, p. 81] that 
transforms Ito to Stratonovich equations and find, a.s., 

^n^) = /(^)-^*5(v^i^H.viog5) ds-j2l^^^^sw:-Y.(^,Y^(^)) |J sw^ 

= fix) + 1^ (iA5f (c.) - i(V^f (c.), VlogJ)) ds-Y^f^ dWl ^(A,y„(x))W^f . 

For the quadratic variation [5*^,5^] (see [36, Thm. H.29]) this implies 

i[5f,5f] = i f ((V5f,v^f) + ^(A,y„(.T))2) ds = fn"{x,vst) ds 

Jo Jo 

''There are two small differences: We use the convention that [W^, W^] = S'H, and there is a constant factor in [27, Example 1] 
which we could not verify whence some other choices differ as well. 
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since ^(A,yQ(x))^ = (A,I^^(A)) which equals twice the potential term (3.20) in the reduced deterministic 
Hamiltonian 'H'^. Applying the Ito formula [36, Thm. 11.32] to the semi-martingale exp(— S*^') thus yields 



2 

JO 



+ E / dW: + j:{X,Y^ (X)) /J dl^f . 

Observe that e'^^-ASfioj) + {VS^{u),WSf{uj)) + (V^f (cj), V log(5)) = Ae"^'" - (Ve-^-'^'^), V logj). With 

and assuming sufficient regularity conditions to interchange the order of integration, we thus find the following 
diffusion equation: 

Proposition 3.7. 

(3.33) - (^A - ^S^AS-'^ + i(A,I-i(A)))V'. 

As with (3.26) and (3.25) this should be compared with [ff, Thm. 4.5]. One could repeat the comments 
made after [fl, Thm. 4.5]: The first term on the right hand side of (3.33) corresponds to the classical kinetic 
energy while the third corresponds to the classical potential in (3.20), and the second term ("an extra measure 
factor") has no trace in the classical picture. However, there is a sign difference in the exponent of this 
measure factor. We will come back to this in the next section and attribute it to be due to a time reversal in 
the construction of the projected stochastic action. We want to emphasize that the potential term i(A, I~^(A)) 
has purely stochastic origins namely it appears by invoking the Ito formula, and yet it coincides exactly with 
the classical potential that is obtained via Hamiltonian reduction. 

Nelson [30] uses the stochastic Hamilton- Jacobi equation of Guerra-Morato [12] coupled with the Fokkcr- 
Planck equation to obtain an equation of the form = Hip. While the ingredients which go into (3.33) are 
'very similar' we could not produce the factor i in this setting. 

3.E. Eigenfunctions of A" and the projected stochastic action. There were several loose ends in the 
previous sections: We have introduced the approaches of Nelson [30] and Lazaro-Cami and Ortega [27] to the 
stochastic Hamilton- Jacobi equation but not said anything about their relation. Concerning equation (3.33) 
one may wonder how properties of the Lagrange submanifolds Lf will relate to properties of solutions ip, and 
if stationary solutions (^A — ^6~^ AS^ + ^(A, = 'yip, for 7 G M, can be characterized in terms of Lf. 

We can neither answer these questions in general, nor give a thourogh examination of the relations between the 
different approaches to the stochastic Hamilton- Jacobi equation. To obtain some partial answers we assume 
that O C 0* is the 0-orbit, that is 

(3.34) A = 0, 
from now on. 

Since we can identify B and M' we may determine the Hamihonian diffusion = {Xt.Ut) e T* B = M^' 
given by (3.31) by the Ito equation 

ATfA _ f^y\ogS{X^)dt + dB 



U-)-\ j' ro^ = (^o,C^o) = (2;,«)a.s. 

where B is Brownian motion in M'. 

Let ^(x) be the explosion time of a solution starting at x a.s. In [36, Chapter V] it is shown that the 
following holds: C/t(w) := {a; e B : f(x,w) > i} C i? is an open subset and flt(a;) : Ut{uj) — > i?, .t ACj^(w) is a 
diffeomorphism onto its image. Hence, by the inverse function theorem, for given cc, uj and (small) t there exists 
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a unique point x{x,t,u!) such that Xj^'^'*'"' (cj) = x. Let us assume that for each a; there is an w-independent 
number 

> with < £,{x) a.s. 

such that x{x, t, ui) exists for all t < T^. (If not one can use a stopping time but then the time-reversed process 
below needs also to be defined in terms of a stopping time, and this does not seem to be standard.) 

With assumption (3.34) the (projected) stochastic action of [27, Def. 3.2] associated to the smooth function 
/ and Lagrange submanifold Lf = {{x, V/(a;)) : x G B} C TB = T*B becomes 



(3.35) Sf{u;) = f{xix,t,u;))+ (zx,„ ^ - ((r^)^(c.)) + ^ / (zx..^ - /»^)((rO)f (c)) di?: 

Jo Jo 

where z = z{x,t,oj) ~ {x{x,t,u!),W f(x(x,t,uj))) and 9 is the Liouville one-form. Notice that h'^ and are 
momentum functions whence iv — = ix 9 — ~ 0. 

We shall denote the time reversal of on the interval [OjT^,] by . This is defined as 

xr-= xp;jj-'-\ te[o,T,]. 

By [13, 36] X^ is again a diffusion and satisfies the Ito equation 

dXt = -5V \ogd{X^)dt + dBt. 

Note that X^{uj) = X^^^''^^'"\uj) ^ x, X£(a;) = i(a;,T^,a;) and Xf{uj) = x{x,t,uj) for t e [0,T^]. Thus we 
rewrite (3.35) and use the Ito formula to obtain 

(3.36) §f = f{xn = + - (V/, Vlog<5))(Xf ) ds + I* g(lf ) dBl 

Thus E[Sf] satisfies the Kolmogorov backward equation -^£[3^] = (|A — log (5)i?[S'f ] and ')p{t,x) := 
{x)E[Sf] satisfies 

(3.37) |^^(iA-5-5AJ^)V^ 
which is, of course, (3.33) with A = 0. 

If / is an eigenfunction of A — V log S with (A — V log S)f ~ 7/ then it follows that 

^{t,x) = S~H^)E[St] = e^'"5-'^{x)f{x) 

is a stationary solution of (3.37). 

To change the sign in the exponent of the measure term in (3.37) we alter the definition of the projected 
stochastic action (3.35): With Lf as above we define 

(3.38) 5+(x,t,.;):=/(ro(r°)(^'^^(^»(c.)) 

+ f {^x,J^ /^")((r^)(-v/(.))(^)) ds + Y^f /.0((r°)l-^^(^»(-)) dBl 

Jo Jo 
This would be the time-forward projected stochastic action. With the same reasoning as above it follows that 



(3.39) E[S+{x, t)] = E[f o xn = fix) + E 

Proposition 3.8. The function 



/*(iA/ + i(V/,Vlog5))(Xf)ds 
Jo 



^+ix,t) := y%c)E[S+{x,t)] 



satisfies ■!/;+(x,0) — \J d{x)f{x) and 

(3.40) §jip+ = ^{A- 6-^AS^)iP+. 

Furthermore, if f is an eigenfunction of A° = A + V log S with eigenvalue 7 then is a stationary solution 
of (3.40), i.e. 

^+{t,x) = e'--<'^5(x)f{x). 
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Proof. Follows directly from the Kolmogorov backward equation applied to (3.39). □ 
For / = 1 and 7 = we recover (3.26).'' 

4. Reduction of Brownian motion and Quantum Calogero-Moser models 

4. A. The Cartan decomposition. Let G be a semisimple Lie group with Lie algebra g and Killing form B. 
Consider a Cartan decomposition g = £0p associated to the Cartan involution 6, and let G = K. exp(p) = iiT xp, 
g = fcexpa; i(fc,x) be the corresponding decomposition of the group. Thus: 

[«,fi]ce, [«,p]cp, [p,p]cfi. 

Fix a maximal abelian subspace o C p, and put m = Z{(o) and M = Zx(a). 

Let E be the set of restricted roots associated to the pair (g, a) and S+ C E a choice of positive roots. Then 
the associated root space decomposition is 

= 00 ffi ©Aes0A where 0o = m a. 

We equip = 4 © p with the Ad-invariant direct sum inner product (., .) = —B{., 0.) = —B\{i x {) + i?|(p x p) 
and denote its restriction to 6 or p by (., .) again. 

4.B. The classical rational Calogero-Moser system associated to a Cartan decomposition. Let 

Q C p denote the set of points which are regular with respect to the ii'-action. Thus all isotropy subgroups 
Kg are conjugate to M within K and the quotient Q/Zv = C is an open Weyl chamber. The Lagrangian L is 
the kinetic energy function 

L:TQ = Qxp^R, {q,v) ^ ^{v,v) = ^ij.{v,v) 

which is clearly X-invariant with respect to the tangent lifted A'-action. Identifying TQ = T*Q via the metric 
we can equip TQ with the standard symplectic form and view L as a Hamiltoniaii function H . Associated 
to the X-action there is now a momentum map 

J:TQ^r =(.^.) t, {q,v) ^ ad{q).v = [q,v]. 

Consider a (co-)adjoint orbit O = Ad(/'ir).A C t. Then the Hamiltonian reduction of (TQ, ft, H) at the level O 
yields a reduced phase space of the form 

(4.41) TQ/loK = TCx O//0M where O//0M = {O n m^)/M. 

This isomorphism can be realized in terms of the mechanical connection defined in (3.16). The space (O n 
m^)/M is, generally, not a manifold but rather a stratified space. Accordingly TQ//c>K is a stratified space, 
and each stratum TC x (stratum) is equipped with a product symplectic form such that the first factor is 
canonical while the second is inherited from the KKS-form on O. The reduced Hamiltonian becomes, in this 
picture, the Calogero-Moser Hamiltonian function 

i?CM(a;,uo, [A]) = i(wo,wo) + 5 

qgx:+ 

Note that the potential term 5X^061;+ !^{xy^ ^{^x^t ^x-^) = ^i-^^^x^ W) can be seen as an Af-invariant 
function on C x (O n m^). See [1, 15, 9]. 



'''stationary solutions of (3.40) correspond to stationary solutions of the corresponding Schrodinger equation i^</< = — ^ (A — 
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4.C. Stochastic reduction and Quantum CM systems. As in Section 3.E we set O = in (4.41) and 
hence TQ//oK = TQH^K = T{Q/K) = TC M?K Let / : C ^ R be smooth and consider the forward 
projected stochastic action 



5+(x-,t) =/oX 



from (3.38) associated to the Lagrange submanifold Lf — {(z, V/(x))} C TC. As shown in Section 3.E, if / 
is an eigenfunction of A'' = A + V log 6 it follows that 

is a stationary solution to ^ — i(A — S^^AS^) = 0. Such functions arc provided by the zonal spherical 
functions. See [33, Appendix C]. According to [33, Theorem 5.1] we have 

Thus 

i;{t,x) = ^+{it,x) = e'i^'^/S{x)f{x) 
is a stationary solution to the Schrodinger equation 

(4.42) ^i^=f-^A+ ^ ^ 

where = dim go, is the multiplicity of the root. Equation (4.42) is the rational quantum Calogero-Moser 
Schrodinger equation related to root systems of semi-simple Lie algebras as described by Olshanetsky and 
Perelomov [32, 33]. 

It will be a matter of future investigation to consider reduction at a non-zero orbit O and include a spin 
dependent potential in (4.42) as in (3.33). 

5. Appendix: Proof of Theorem 1.3 

Theorem 1.3 is a result of [19]. However, as this paper is presently not published, we follow the referees' 
suggestion and include a (slightly shortened) proof for sake of completeness. 

Proof of Theorem 1.3. Let us begin by noting that gV"^^ = Indeed, 

whence F := gV^'^ satisfies Fq = gx a.s. and 5T = S{p{g)Y,r)S{p{g)Y). By existence and uniqueness of 
solutions the claim follows. In particular, we have tt o r^'^ = tt o r^^'PisW ^ 

Claim: 

(5.43) Pg^ = g,P, 

where G acts on W{Q) as g : w 1-^ {t 1-^ gw{t)). To see this let S C W{Q) be a Borel cylinder set. This means 
that there are / e N, < ti < . . . < G R+, and a Borel set A C Il'Q such that S = ev(ti, . . . ,t;)"i(A), 
where ev(ti, . ..,ti): WiQ) B'Q, w ^ (w(t,))'=i- From the identity (T^Mwj^p ^ (r^.M^);p we find 

Pg^iS) = (F3"^''(3'^);P(5) ^ P{uj : (F^f '''(»)^(t^))^i e A} 
= P.(ev(ti, . . .,U)-\g-'Aj) = P^g-'S). 

Consider the push forward map tt* : W{Q) — ?> W{Q/G), w 1-^ it o w. It is straightforward to see that 
BiW{Q/G)) =Tr*B{W{Q)). For So = 7r,(5) e B{W{Q/G)) we may write the law {P[x]) ^^^^q^^ of T as 

P[,](5o) = (^ o T^-'p^s^'^iPiSo) = PgA7r;\So)). 

By (5.43) this does not depend on g G G. 

Now. since P^^] is the push-forward of P^ viap, we can use the strong Markov property of {Px)x to conclude 
that {P[x])[x]eQ/G satisfies the strong Markov property. 
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To show that J^^i^if ^ C°°{Q) for all / € C°°{Q)^ consider the standard basis {cq, ei, . . . , Cfc} of 
R X M'^. For j = 1, . . . , fc we find 

9 ■ Xjix) = 9 ■ S{x,y,ej) = S{gx, p{g)y, p{g)ej) = ^gkjXk{gx), 

k 

where gkj := {ek,p{g)ej) is independent of x € Q. Since 9ij9kj = (^ifc, 

Xi{gx) ^^g,jgkjXk(gx) ^^gt^g ■ Xj{x). 

j-k j 

Thus (gx) = Y.J 9i3 {dfiX,)^ [x] for / G C°°(Q)G and also 

d{dJ{X,)Ygx)oT,g = d(^Y.9^^'^f(^j))('^^ = ^ (a^)- 

j j 

This implies that 

^ (xa^.f){gx) = J2 (d(dfiX,)){gx),X,{gx) 



^ (.gy d(d/(X,)) (x) o (T,g)-i,5,fc(T,g) • Xk{x)) = ^ (a 



Similarly, it is also easy to see that Xq is G-invariant. Thus the generator A = X^ + ^i^i ^-cts on C°° {Q)'~^, 
whence it induces a projected operator Aq characterized hy Ao tt* = tt* o Aq. 

Finally, to see that Aq is the generator of tt o F we need to show that, for all t e R+, [x] E Q/G, and 
/ e C°°(Q/G)o, the R- valued process 

m/ : W(g/G) — > M, 

m/H := - f{w{0)) - f\Aof){w{s))ds 

Jo 

is a P[^] -martingale on (VF(Q/G), S(t¥(Q/G)) for the filtration {BtiW{Q/G)))t. Sec [20, Def. IV.5.3]. This 
means that for all t > 0, s e [0,t], and A G Ss(W^(Q/G)) we should check that 



Mi 



B,{W{Q/G)) {w)P[,]idw)^ / Miiw)P[,]idw) 



see [38, Chapter V]. Indeed, 



Mi 



Bs{W{Q/G)) / A//HF[,](d«; 



{p*Ml){u)P.,{du) 



-^A 



{p*Mf){u)P^{du)^ / M/HP[,](d«;) 



□ 
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